Let X be a smooth or proper variety defined over a finite field. Theétale fundamental group π 1 (X,x) of X is a normal subgroup of the Weil group, so conjugation gives it a Weil action. We consider the pro-Q l -algebraic completion of π 1 (X,x) as a non-abelian Weil representation. Deligne's conjecture and the Weil conjectures imply that this affine group scheme is mixed, in the sense that its structure sheaf is a mixed Weil representation. When X is smooth, weight restrictions apply, affecting the possibilities for the structure of this group. This gives new examples of groups which cannot arise asétale fundamental groups of smooth varieties.
Introduction
Let X be a connected variety defined over a finite field k = F q , equipped with a point x ∈ X(F q ). For a prime l not dividing q, consider the pro-Q l -algebraic completion ̟ 1 (X,x) of theétale fundamental group π 1 (X,x) of X. This is the universal object classifying continuous homomorphisms
where G ranges over all algebraic groups G over Q l . Thus ̟ 1 (X,x) is a pro-algebraic group, or equivalently an affine group scheme, over Q l . Note that if we restrict attention to unipotent abelian groups, this recovers H 1 (X, Q l ) ∨ .
The embedding i : π 1 (X,x) ֒→ W (X k , x) of the fundamental group into the Weil group gives a conjugation action of the Weil group on the fundamental group, and hence an action on ̟ 1 (X,x). We write W ̟ 1 (X,x) for the maximal quotient of ̟ 1 (X,x) on which the Weil action is algebraic. This is the universal object classifying continuous
where G ranges over all algebraic groups G over Q l equipped with continuous W (X k , x)-actions. Representations of W ̟ 1 (X,x) are precisely π 1 (X,x)-subrepresentations of W (X k , x)-representations. Alternatively, we may define W ̟ 1 (X,x) as the image of ̟ 1 (X,x) in the pro-algebraic completion of W (X k , x). We say that an algebraic Weil action on a pro-algebraic group G is mixed if the structure sheaf O(G) is a sum of mixed Weil representations. The Levi decomposition for pro-algebraic groups allows us to write
where R u ( W ̟ 1 (X,x)) is the pro-unipotent radical of W ̟ 1 (X,x) and W ̟ red 1 (X,x) is the pro-reductive completion of ̟ 1 (X,x). This decomposition is unique up to conjugation by R u ( W ̟ 1 (X,x)). In Section 1, we use the Deligne conjecture to show that for any variety, the Weil action on W ̟ red 1 (X,x) is pure of weight zero. The Weil conjectures then show that, if X is smooth or proper, the Weil action on W ̟ 1 (X,x) is mixed.
The rest of the paper is dedicated to studying the Weil action on R u ( W ̟ 1 (X,x)) when X is smooth or proper, and thus establishing restrictions on the structure of the fundamental group. In order to study the pro-unipotent extension ̟ 1 (X,x) → ̟ red 1 (X,x), we use deformation-theoretic machinery. The group R u ( W ̟ 1 (X,x)) is the universal deformation ρ : π 1 (X,x) → U ⋊ for U pro-unipotent. In [Pri05b] , a theory of deformations over nilpotent Lie algebras with G-actions was developed, and this enables us to analyse our scenario. The essential philosophy is that all the concepts for deformations over Artinian rings, developed by Schlessinger in [Sch68] and later authors, can be translated to this context.
In Section 2 we introduce the notion of Simplicial Deformation Complexes (SDCs), which will fulfil the rôle played by twisted DGAs in [Pri05b] . In Section 3, the SDC associated to the l-adic cohomology on a scheme X is defined. It is shown that this can be used to recover pro-unipotent radical R u (̟ 1 (X,x)) of the pro-Q l -algebraic fundamental group.
In Section 4, we use the Weil Conjectures to study W R u (̟ 1 (X,x)). If X is smooth and proper, then W R u (̟ 1 (X,x)) is quadratically presented, in the sense that its Lie algebra can be defined by equations of bracket length two. If X is merely smooth, then W R u (̟ 1 (X,x)) is defined by equations of bracket length at most four. Since rigid representations of the fundamental group extend to Weil representations, these properties are used to give new examples of groups which cannot occur as fundamental groups of smooth varieties.
1 The pro-algebraic fundamental group as a Weil representation
Algebraic actions
All pro-algebraic groups in this paper will be defined over fields of characteristic zero (usually Q l ). All representations of pro-algebraic groups will be finite-dimensional.
Definition 1.1. Given a pro-algebraic group G, let O(G) denote global sections of the structure sheaf of G. This is a sum of G × G-representations, the actions corresponding to right and left translation. Let E(G) be the dual of O(G) -this is a pro-G × Grepresentation. In fact, since any coalgebra is the sum of its finite-dimensional subcoalgebras, E(G) is an inverse limit of finite-dimensional (non-commutative) algebras. E(G)-modules then correspond to pro-G-representations, and for a morphism G → H and a pro-G-representation V , we define
Definition 1.2. Given a discrete group Γ acting on a pro-algebraic group G, we define Γ G to be the maximal quotient of G on which Γ acts algebraically. This is the inverse limit lim ← −α G α over those surjective maps
with G α algebraic, for which the Γ-action descends to G α . Lemma 1.3. The representations of Γ G are precisely those G-representations which arise as G-subrepresentations of (finite-dimensional) G ⋉ Γ-representations.
, there must exist an algebraic quotient group G α of G to which Γ descends, with θ factoring as Γ G → G α → GL(V ). Now, since G α is an algebraic group, Aut(G α ) is also, and there is a homomorphism G ⋉ Γ → H α := G α ⋉ Aut(G α ). Since G α ֒→ H α , the G α -representation V is a subrepresentation of the pro-H α -representation Ind to an action on G α . Since the action of G on W preserves V , there is an algebraic map G α → GL(V ), as required. Definition 1.4. Given a pro-algebraic group G, we will denote its reductive quotient by G red ; this is the universal object among quotients G → H, with H reductive algebraic. Representations of G red correspond to semisimple representations of G. We write R u (G) for the kernel of G → G red -this is called the pro-unipotent radical of G.
We will hence denote this group by Γ G red .
Proof. Note that in both cases, representations correspond to those semisimple Grepresentations which arise as G-subrepresentations of (finite-dimensional) G ⋉ Γ-representations.
The Levi decomposition, proved in [HM69] , states that for every pro-algebraic group G, the surjection G → G red has a section, unique up to conjugation by R u (G), inducing
Lemma 1.6. Given a pro-algebraic group G, an automorphism F of G, and an element g ∈ G, the action of F on G is algebraic if and only if the action of ad g • F is algebraic.
Proof. First note that we have an isomorphism from G ⋊ ad g • F to G ⋊ F fixing G, given by sending ad g • F to g · F . Hence, by Lemma 1.3, F G = adg•F G. Proof. Without loss of generality, by the previous lemma, we may assume that F must preserve the Levi decomposition (following conjugation by a suitable element of R u (G)). Write F = F red F u , for F u : R u (G) → R u (G), and F red : G red → G red . By Lemma 1.3 and Tannaka duality, F G is the image of G → (G ⋊ F ) alg , the latter group being the pro-algebraic completion of G ⋊ F .
Then note that we have an embedding
so the map from G to the group on the left is an embedding if and only if the maps from G red , R u (G) to the groups on the right are embeddings.
Lemma 1.8. Let F act on G ⋉ U , for G reductive and U pro-unipotent, with F preserving and acting algebraically on G. If we also assume that
Proof. By the previous lemma, it suffices to show that F acts algebraically on U . Let S be the set of isomorphism classes of irreducible representations of G. Since F acts algebraically on G, the F -orbits in S are all finite. Let u := Lie(U ), and take the canonical decomposition u = s∈S u s of u as a G-representation. Let T = S/F be the set of F -orbits in S, giving a weaker decomposition u = t∈T u t , where u t = s∈t u s .
F is then an automorphism of u respecting this decomposition; let H be the group of all such automorphisms. We then have an embedding
so it suffices to show that the group H is pro-algebraic, since this embedding must then factor through (U ⋊ F ) alg .
Choose a G-equivariant section to the map u → u/ [u, u] , and let its image be V . The group H is a closed subspace of the space of all linear maps Hom T (V, u) preserving the T -decomposition. The hypothesis implies that V s is finite-dimensional for all s ∈ S, so V t must be finite-dimensional for all t ∈ T , the F -orbits being finite. Thus H is an affine group scheme, i.e. a pro-algebraic group, as required.
Lemma 1.9. If G is a pro-algebraic group, and we regard O(G) as a sum of G-representations via the left action, then for any
Proof. This follows immediately from [DMOS82] II Proposition 2.2, which states that G-representations correspond to O(G)-comodules. Under this correspondence, α ∈ V ∨ is associated to the morphism which sends v ∈ V to the function g → α(g · v).
Lemma 1.10. If an endomorphism F acts on a pro-algebraic group G and compatibly on a
G-representation V (i.e. F (g · v) = (F g) · (F v)), then the dual action of F on V ∨ corresponds to the action on Hom G (V, O(G)) which sends θ to the composition V F − → V θ − → O(G) F * − − → O(G)
Weil actions
Let k = F q , take a connected variety X k /k, and let X = X k ⊗ kk . Fix a closed point x of X, and denote the associated geometric point x ⊗ k(x)k → X byx. Without loss of generality (increasing q if necessary), we assume that k(x) ⊂ F q . Let l be a prime not dividing q, and consider the pro-Q l -algebraic completion ̟ 1 (X,x) of theétale fundamental group π 1 (X,x) of X. This is the universal object classifying continuous homomorphisms
where G ranges over all algebraic groups G over Q l . Observe that the conjugation action of W (X k , x) on π 1 (X,x) then extends by universality to an action of
be the Frobenius element associated to x.
, with representations of this group being those continuous π 1 (X,x)-representations which arise as π 1 (X,x)-subrepresentations of Weil representations.
these are the same as representations of F ̟ 1 (X,x). By Tannaka duality ( [DMOS82] ), this determines the quotient groups W ̟ 1 (X,x), F ̟ 1 (X,x) of ̟ 1 (X,x), which must then be equal.
Proof. Representations of Im (i) are those ̟ 1 (X,x) representations V for which V → Ind
̟ 1 (X,x) is injective. By Lemmas 1.3 and 1.11, these are the same as W ̟ 1 (X,x)-representations. Definition 1.13. Given a pro-Q l -algebraic group G, equipped with an algebraic action of the Weil group W (X k , x), we will say that this Weil action on G is mixed (resp. pure of weight w) if O(G) is a sum of finite-dimensional Weil representations which are mixed (resp. pure of weight −w). Note that if O(G) is pure, then it is pure of weight 0, since the unit map Q l → O(G) must be Weil equivariant, so we always have a subspace of weight 0.
Theorem 1.14. The natural Weil action on W ̟ red 1 (X,x) is pure (of weight 0).
Proof. Since W ̟ red 1 (X,x) is reductive, its category of representations is generated under addition by the irreducible representations. Tannaka duality ( [DMOS82] ) states that O( W ̟ red 1 (X,x)) must then be dual to the pro-vector space of endomorphisms of the fibre functor from the category of representations to the category of vector spaces. Similarly, O( W ̟ red 1 (X,x)) ⊗ Q lQ l classifiesQ l -representations, and is dual to the fibre functor from representations overQ l . By Schur's Lemma, scalar multiplications are the only endomorphisms of irreducible representations overQ l .
If we write End(V ) for the space of endomorphisms of the vector space underlying V , there is then an isomorphism of
where T is the set of all isomorphism classes of irreducible representations of W ̟ red 1 (X,x) overQ l . By Lemmas 1.3 and 1.11, it follows that an irreducible representation of π 1 (X,x) which is a subrepresentation of some W (X k , x)-representation. This is the same as underlying a W (X F n q , x)-representations for some n, since W (X F n q = π 1 (X,x) ⋉ F n x . From the Deligne Conjecture ([Laf02] Theorem VII.6), every irreducible Weil representation overQ l is of the form
for some pure representation P of weight zero. Now,
which is a pure W (X F n q , x)-representation of weight 0. Therefore
is a pure Weil subrepresentation of weight 0. Hence O( W ̟ red 1 (X,x)) ⊗ Q lQ l and O( W ̟ red 1 (X,x)) are also pure of weight 0, as required. 
Proof. Since G and W ̟ 1 (X,x) are both quotients of ̟ 1 (X,x), with G → W ̟ 1 (X,x), it suffices to show that the composition G → W (X k , x) is an embedding, or equivalently that the Frobenius action on G is algebraic. By Lemma 1.8, it then suffices to show that
is the space of outer G-derivations to V , which in turn is the space of outer ̟ 1 (X,x)-representations to V . By Theorem 3.4, this is just
which is finite-dimensional.
Proposition 1.16. The Weil action on G is mixed if and only if the the induced actions on G red and on the continuous dual vector space
Proof. We first choose a Levi decomposition G = G red ⋉ R u (G). The Weil action will not usually preserve this decomposition. However, for each y ∈ X, we may choose an element u y ∈ R u (G) such that F ′ y := ad uy • F y does preserve this Levi decomposition. The key point is that u y acts unipotently on O(G). Now, for any Weil representation V , the weight a subrepresentation W a (V ) of V is defined as the intersection of the weight n(y)a F y -subrepresentations W n(y)a (V, F y ) of V , for all y ∈ X and |k(y)| = q n(y) . Since ad uy acts unipotently on O(G), we deduce that
If we write u for the (pro-nilpotent) Lie algebra of R u (G), and let u ∨ denote its continuous dual, then the isomorphism R u (G) ∼ = exp(u) and the Levi decomposition give us an isomorphism
which is F ′ y equivariant for all y ∈ X. To say that a Weil representation is mixed is the same as saying that
and we have seen that for V = O(G) it is equivalent to replace F y by F ′ y . Since O(G red ) is mixed, and this property is respected by sums and tensor operations, it suffices to show that u ∨ is mixed for the F ′ y . This is the same as being mixed for the natural action of the F y on u ∨ , so it suffices to show that the latter is a mixed Weil representation.
Consider the lower central series filtration Γ n u of u given by
and it only remains to show that the latter are mixed. Now there is a canonical map
where CoLie n is the degree n homogeneous part of the free co-Lie algebra functor. Since this is a tensor operation, the right-hand side is mixed (u ∨ 1 being mixed by hypothesis). We next observe that if
is a short exact sequence of ind-Weil representations with any two mixed, then the third is; this completes the proof. Proof. By Theorem 1.14 and Proposition 1.16, it suffices to show that the Weil action
∨ is mixed of non-negative weight. By Lemma 1.15 and Lemma 1.9, we may alternatively describe this as
where O( W ̟ red 1 (X,x)) is the sheaf on X corresponding to the vector space O( W ̟ red 1 (X,x)) equipped with its left ̟ red 1 (X,x)-action. The x) ), and by Lemma 1.10 the Frobenius action comes from the natural Frobenius action on O( W ̟ red 1 (X,x)). Now, as in Theorem 1.14, we may write
where T is the set of all isomorphism classes of irreducible representations of W ̟ red 1 (X,x). This is a sum of Weil representations, and each V extends to a representation of W (X F n q , x) for some n, automatically compatible with the Frobenius action on O( W ̟ red 1 (X,x)) (which then corresponds to the adjoint action). Since a Weil representation is pure of weight w if and only if the restricted W (X F n q , x)-representation is so, it suffices to show that the W (X F n q , x)-representation
is mixed for each irreducible π 1 (X,x)-representation with (F n ) * V ∼ = V . The group W (X F n q , x) acts on H 1 (X, V ∨ ) by composing the canonical map W (X F n q , x) → Z with the Frobenius action arising from the Weil structure of V . By the Deligne conjecture, we may assume that V is pure of weight zero (by Schur's Lemma, note that different choices of Frobenius action on V all give the same adjoint action on End(V )). From the Weil conjectures ([Del80] Corollaries 3.3.4 -3.3.6), it then follows that H 1 (X, V ∨ ) is mixed of non-negative weight, so H 1 (X, V ∨ ) ⊗ V must also be mixed of non-negative weight, V being pure of weight 0. Corollary 1.18. If X is smooth, then the quotient map W ̟ 1 (X,x) → W ̟ red 1 (X,x) has a unique Weil-equivariant section.
Proof. In this case, the weights of H 1 (X, V ∨ ) ⊗ V are strictly positive (1 or 2), so x) ) is of strictly positive weights, giving us a decomposition x) ) yields the section.
SDCs over N (G)
Fix a field K of characteristic zero, and recall the following definitions from [Pri05b] . Take a pro-algebraic reductive group G over K, and define N (G) to be the category whose objects are pairs (u, ρ), where u is a finite-dimensional nilpotent Lie algebras over K, and ρ : G → Aut(u) is a representation to the group of Lie algebra automorphisms of u. A morphism θ from (u, ρ) to (u ′ , ρ ′ ) is a morphism θ : u → u ′ of Lie algebras such that θ • ρ = ρ ′ . Observe that N (G) is an Artinian category, and write N (G) for the category pro(N (G)). The formal definitions, properties and constructions of SDCs over N (G) hold in exactly the same manner as those defined in [Pri05a] over C Λ . A summary follows. Definition 2.1. A simplicial deformation complex S • consists of smooth homogeneous functors S n : N (G) → Set for each n ≥ 0, together with maps
an associative product * : S m × S n → S m+n , with identity 1 : • → S 0 , where • is the constant functor •(g) = • on N (G), such that:
Remark 2.2. If we set ω 0 to be the unique element of S 1 (0), then, since 0 is the initial object in N (G), we may set ∂ 0 (s) = ω 0 * s, and ∂ n+1 (s) = s * ω 0 . S • then becomes a cosimplicial complex.
Definition 2.3. Let t • S be the tangent space of S • , i.e. t n S (V ) = S n (V ǫ), for V ∈ Rep(G). 
Lemma 2.5. S 0 is a group under multiplication. Now, if ω ∈ MC S (g) and g ∈ S 0 (g), then g * ω * g −1 ∈ MC S (g). We may therefore make the following definition: Definition 2.6.
Def S = MC S /S 0 , the quotient being with respect to the adjoint action. The deformation groupoid Def S has objects MC S , and morphisms given by S 0 .
Lemma 2.7. The action S 0 × S n → S n is faithful (i.e. s * h = t for some t only if s = 1).
This implies that, for all ω ∈ MC S (g), σ 0 (ω) = 1.
Definition 2.8. For V ∈ Rep(G), define the cohomology groups of S to be
the cohomology groups of the cosimplicial complex t • S (V ). Lemma 2.9. The tangent space of
Lemma 2.10. V → H 2 (S, V ) is a complete obstruction space for MC S .
[Pri05b] Theorems 1.28 to 1.32 now imply:
Theorem 2.11. Def S is a deformation functor, with tangent space H 1 (S) and complete obstruction space H 2 (S). Moreover, if H 0 (S) = 0, then Def S is homogeneous.
Proof. [Pri05b] Theorem 1.29 and Corollary 1.32.
Theorem 2.12. If φ : S → T is a morphism of SDCs, and
are the induced maps on cohomology, then:
Provided condition 1 holds, Def S → Def T is an equivalence of functors of groupoids if and only if
Definition 2.13. Given a morphism φ : S → T of SDCs, define the groupoid Def φ to be the fibre of the morphism Def S → Def T over the unique point x 0 ∈ MC T (0). Explicitly, Def φ (g) has objects
and morphisms
Theorem 2.14. Let S n φ (A) be the fibre of S n (A)
is an SDC, and the canonical map
Def S φ → Def φ is an equivalence of groupoids.
Constructing SDCs
Throughout this section, we will consider functors D : N (G) → Cat. We will not require that these functors satisfy (H0) (the condition that F (0) = •). Definition 2.16. We say a functor E : N (G) → Cat has uniformly trivial deformation theory if the functor Mor E is smooth and homogeneous, and the functor Cmpts E is constant, i.e for g ։ h in N (G), E(g) → E(h) is full and essentially surjective.
Assume that we are given functors A, B, D, E : N (G) → Cat, and a diagram
where E has uniformly trivial deformation theory, the horizontal adjunctions are monadic and the vertical adjunctions comonadic. Let
Assume moreover that the following identities hold:
, and write E(g) for the image of E under the map Ob E(0) → Ob E(g). Set S n (g) to be the fibre
. We give S n the structure of an SDC as in [Pri05a] 
Proof. As for [Pri05a] Theorem ??.
Principal homogeneous spaces
Let k = F q , take a connected variety X k /k, and let X = X k ⊗ kk . Fix a closed point x of X, and denote the associated geometric point x ⊗ k(x)k → X byx. Without loss of generality (increasing q if necessary), we assume that k(x) ⊂ F q . Given a semisimple continuous π 1 (X, x)-representation V over Q l , let V denote the corresponding semisimple local system on X.
Definition 3.1. Given a pro-l group K, define a constructible principal (resp. faithful) K-sheaf to be a principal (resp. faithful) K-sheaf D, such that
Given an l-adic pro-Lie group G, a constructible principal (resp. faithful) G-sheaf is a G-sheaf B for which there exists a constructible principal (resp. faithful) K-sheaf D, for some K ≤ G compact, with B = G × K D (observe that compact and totally disconnected is equivalent to pro-finite).
Lemma 3.2. Given an l-adic pro-Lie group G, the category of continuous representations ρ : π 1 (X,x) → G is equivalent to the category of constructible principal G-sheaves on X.
Proof. As in [Pri04a] Section ??.
Fix a Zariski-dense representation ρ 0 : π 1 (X,x) → G, for G a reductive pro-algebraic group over Q l . For g ∈ N (G), we therefore have a functorial equivalence of groupoids between R ρ 0 (exp(g)), the groupoid of continuous representations
deforming the canonical representation
and B B 0 (exp(g)), the groupoid of constructible principal exp(g) ⋊ G-sheaves B with B × exp(g)⋊G G ∼ = B 0 , the constructible principal G-sheaf corresponding to ρ 0 .
Recall the following definitions of the Godement resolution: Since X is a variety, let
We have maps u x :x → X, giving a map u : X ′ → X.
Definition 3.3. For a constructible locally free Z l -sheaf F , define
for sheaves F on X, and
For a constructible locally free Q l -sheaf F ⊗ Q l of finite rank, define
Note that this construction is independent of the choice of F , since F is of finite rank.
As in [Pri04a] Lemma ??, the Mittag-Leffler condition implies that
provided that H i (X, F ), H i−1 (X, F ) are of finite rank, e.g. if X is a smooth or proper variety. Given g ∈ N (G), the representation ρ 0 : π 1 (X,x) → G gives g the structure of a semi-simple π 1 (X,x)-representation. Let g be the corresponding sheaf of Lie algebras on X.
Theorem 3.4. The functorial groupoid g → R ρ 0 (exp(g)), is governed by the SDC
with product given by the Alexander-Whitney cup product
for g ∈ C m , h ∈ C n . This SDC has tangent space
if X is smooth or proper.
Proof. We have the functorial comonadic adjunction:
, and where u * is defined by:
with K and D as in Definition 3.1.
Observe that the second category has uniformly trivial deformation theory, so that, by Theorem 2.17, deformations are described by the SDC
where B 0 (g) is the constructible principal exp(g) ⋊ G-sheaf corresponding to the representation ρ 0 : π 1 (X,x) → exp(g) ⋊ G, and α n : B → (u * u * ) n B is the canonical map associated to the adjunction. There is then an isomorphism of SDCs
where the SDC structure of the term on the left is given by the Alexander-Whitney cup product. The SDC on the left can be rewritten as
as required.
As in [Pri05b] , if we set G = ̟ red 1 (X,x), then the Lie algebra of R u (̟ 1 (X,x)) is a hull for the functor Def S , since it is a hull for R. If we set G = W ̟ red 1 (X,x), and X is smooth or proper, then R u ( W ̟ 1 (X,x)) is similarly a hull for Def S , by Lemma 1.15.
Frobenius actions 4.1 Geometric Frobenius
Given (X, x) as in the previous section, with X smooth or proper, define an SDC on
whose hull must then be R u ( W ̟ 1 (X,x) ). There is a Frobenius action F : X → X, and a compatible Frobenius action on X ′ , the actions and isomorphisms combining to give a Frobenius action of SDCs over N ( W ̟ red 1 (X,x)), given by:
We will now investigate the Frobenius action this induces on the groupoid Def S (g). As in Section 3, this groupoid is equivalent to the groupoid whose objects are principal homogeneous exp(g)
and whose morphisms preserve these isomorphisms, where B 0 corresponds to the canonical representation π 1 (X,x) → W ̟ red 1 (X,x). Under F ♯ , the torsor B is sent to the torsor F * B in Def S (F * g).
Remark 4.1. The Weil action on W ̟ 1 (X,x) gives a Frobenius action (via F x ∈ W (X k , x)) on R u ( W ̟ 1 (X,x)). This then gives a Frobenius action
As in [Pri04b] Remark ??, the hull morphism
is Frobenius equivariant under these actions.
Structure of the fundamental group
Definition 4.2. As in Theorem 1.17, O( W ̟ red 1 (X,x)) is the sheaf of algebras on X corresponding to the vector space O( W ̟ red 1 (X,x)) equipped with its left ̟ red 1 (X,x)-action. From now on, we will simply denote this sheaf by O. This is a pure Weil sheaf of weight 0. The Frobenius actions on the cohomology groups H i (X, O) combine with the right ̟ red 1 (X,x)-actions to make them mixed Weil representations.
Theorem 4.3. There is an isomorphism
where L(V ) is the free pro-nilpotent Lie algebra on generators V , and 
is dual to half the cup product
Proof. This is essentially the same as [Pri04b] Theorem ??, making use of Lemma 1.9. To see that the Frobenius decomposition corresponds to the Weil decomposition, note that the action of F x ∈ W (X k , x) determines the Weil decomposition.
Corollary 4.4. If X is smooth and proper, then
is quadratically presented.
In fact, there is an isomorphism of Weil representations
where∪ is dual to the cup product.
Proof. This follows since, under these hypotheses, [Del80] Corollaries 3.3.4-3.3.6 imply that H 1 (X, O) is pure of weight 1, and H 2 (X, O) is pure of weight 2.
Corollary 4.5. If X is smooth, then
is a quotient of the free pro-nilpotent Lie algebra L(H 1 (X, O) ∨ ) by an ideal which is finitely generated by elements of bracket length 2, 3, 4.
Proof. This follows since, under these hypotheses, [Del80] Corollaries 3.3.4-3.3.6 imply that H 1 (X, O) is of weights 1 and 2, while H 2 (X, O) is of weights 2, 3 and 4.
Corollary 4.6. Let G be an arbitrary reductive Q l -algebraic group, acting on a unipotent Q l -algebraic group U defined by homogeneous equations, i.e. u ∼ = gru as Lie algebras with G-actions. Remarks 4.7. Note that Corollaries 4.4 and 4.5 imply the results of both [Pri04a] and of [Pri04b] . The pro-unipotent completion π 1 (X,x) ⊗ Q l studied in [Pri04b] is just the maximal quotient θ ♯ R u (̟ 1 (X,x)) of R u (̟ 1 (X,x)), for θ : ̟ red 1 (X,x) → 1, on which π 1 (X,x) acts trivially.
If X is smooth and proper, and
The problem considered in [Pri04a] is to fix a reductive representation ρ 0 : W (X k , x) → G(Q l ), and consider lifts ρ : π 1 (X,x) → G(A), for Artinian rings A. The hull of this functor is the functor and that only pro-l groups contribute to cohomology. We need to show that the only derivations SL 2 (Z l ) → sl 2 (Q l ) are inner derivations. Now, for N sufficiently large, exp : l N sl 2 (Z l ) → SL 2 (Z l ) converges, and it follows from the simplicity of sl 2 (Z l ) that any derivation must agree with an inner derivation when restricted to exp(l N sl 2 (Z l )). Since this is a subgroup of finite index, and sl 2 (Q l ) is torsion-free, the derivation and inner derivation must agree on the whole of SL 2 (Z l ), as required.
To prove the second, observe that Q 2and let ρ 4 be the standard embedding ρ 4 : ∆ ⋊ SL 2 (Ẑ) → exp(h) ⋊ SL 2 (Q l ), which extends to a Weil representation by Lemma 4.9 and calculation in the previous example.
Since all quintuple commutators vanish in H, this does not lift to a representation
which gives a contradiction, by Corollary 4.6.
